With an improved Boltzmann-Uehling-Uhlenbeck model, the deformation energy surfaces in reactions leading to the formation of toroidal and bubble nuclei are examined for central Mo+ Mo collisions. We found that the potential maximum, or the fragmentation barrier, occurs at times close to the times when these exotic shapes are formed. However, due to the dynamics of large amplitude compression and expansion, the fragmentation barriers are signincantly higher than those estimated from the liquid-drop models.
Recently, exotic nuclear shapes with toroidal and bubble topologies, analogous to those studied some time ago [1 -4] , were observed and studied extensively in microscopic transport models [5 -17] . Though these transport models have proved to be very useful in predicting the reaction dynamics of the earlier stages which lead to the formation of these exotic shapes, such models cannot, nonetheless, provide reliable information on multiparticle observables such as mass and charge yields or multiplicity distributions of the Gnal ft. agments. This arises mainly &om the lack of higher-order multiparticle correlations and Huctuations which could be important for the later decay stages of the reaction. [Most of current microscopic models, such as the Boltzmann-Uehling-Uhlenbeck (BUU), incorporated only one-body + two-body interactions. ] On the other hand, statistical models, such as transition-state models [18, 19] , the finite-range model [20] , as well as multiparticle phase-space models [21 -23] , have proved to be very powerful in describing late stages of the reactions. In particular, results &om such models have been used successfully in interpreting exclusive experimental data in 6ssion and multift. agmentation processes. The major parameters in the transition-state or Bnite-range models are the barrier heights for 6ssion or fragmentation which play important roles in determining the branching ratios of various fragment yields. In contrast, multiparticle phase-space models usually consider the phase space volumes and statistical weights of var-ious &agment configurations for a system expanded to very low densities [21 -23] .
The purpose of this work is to compare the con6gurations of the system when the toroidal or bubble nuclei are formed, with the assumptions used in the standard statistical models. In particular, we investigate, from a dynamical (time-dependent) view, the following two key issues which are important in making connections to statistical models: (1) whether the barriers are reached at the times when the exotic shapes are formed; and (2) whether the low density assumption assumed in the &agmentation models is valid for studying the decay of these exotic shapes. For this purpose, we have calculated, with an improved BUU model [15] , the deformation energy surface following the dynamics of entrance channels leading to the formation of these exotic shapes. We demonstrate that the potential maximum, or the ft. agmentation barrier, indeed occurs at times close to the times when these exotic shapes are formed. We 6nd that these exotic shapes are formed when the systems expand to very low densities. However, due to the dynamics of large amplitude compression and expansion which are responsible for the formation of these exotic shapes, the fragmentation barriers are signi6cantly higher than those estimated recently from liquid-drop models [24, 25] .
We simulate the dynamics of nucleus-nucleus collisions with the Boltzmann-Uehling-Uhlenbeck equation [27] Bt " (27r)s dB
with the lattice Hamiltonian method of Lenk and Pandharipande [28] . This method provides a reasonable nuclear surface and accurate energy conservation, thus allowing the potential energy surface for the formation of toroidal and bubble nuclei to be evaluated. In Eq. (1), do'""idO is the in-medium cross section, vq2 is the relative velocity for the colliding nucleons, and U is the total mean-6eld potential consisting of the Coulomb potential and a nuclear potential with isoscalar and symme-I try terms [26] . In our calculations, we use two parameter sets [27] b=0, for both the stifF (Fig. 1 ) and the soft (Fig. 2 ) equations of state. Clearly, for calculations with the stiH' EOS, a toroidal nucleus is formed at time t -120 fm/c with its symmetrical axis parallel to the beam direction. This torus is unstable and eventually breaks up simultaneously into three clusters of nearly equal sizes in a coplanar fashion. In contrast, in the calculations with the soft EOS (see Fig. 2 ), a nuclear bubble appears to emerge which eventually breaks up into clusters in a volumelike fashion (clusters are emitted approximately isotropically). From both Fig. 1 and Fig. 2 , it is easy to see that the dynamics of compression and expansion play a very important role in forming these exotic shapes.
To see this more quantitatively, we show in the top panel of Fig. 3 the evolution of the average density, defined as (p) = fD p dsr/(f& pdsr) [ Eg,r -Eint(T = 0) p) Eint(T = 0 p = pp).
The second term in the equation is the internal energy for a ground-state nucleus having the same mass; the first term, E; t(T = 0, p), is the internal energy of a cold nucleus with temperature T = 0 and density p. It fm/c. The average densities gradually increase at later times, t 100 fm/c, refiecting the condensation into individual fragments. Though densities obtained for both equations of state at early times are about the same, calculations with the sti8' EOS (solid lines) have slightly higher densities at later times than those calculated with the soft EOS. This is because the stifF EOS has a larger surface tension strength, and thus the tendency for the residues to expand or break up is less. (See also Figs. 1, 2, which show that calculations with soft EOS tend to have a larger number of clusters in the final stages. ) We note in Fig. 3 that quite low densities are reached at the times t = 100 fm/c, which are close to the times when the toroidal and bubble geometries are formed (see Figs. 1, 2 ). The occurrence of low densities with exotic shapes coincides with the low freeze-out density assumption used in the statistical f'ragmentation models [22, 23] . Nonetheless, such low densities have not been considered in estimating the multifission or multifragmentation barriers based on liquid drop models [24, 25) . While the eH'ects of compression or expansion can be ignored in low energy processes, such efl'ects clearly cannot be ignored in processes which lead to the formation of the toroidal and bubble nuclei at high energies.
To assess qualitatively the influence of compression and expansion on the values of the barrier height, we follow the dynamics of BUU calculations and estimate the de- where is the local density, and is the local collective velocity field. For collisions at the impact parameter 6 = 0, there is no rotational energy and therefore E, && refiects mainly the outward radial collective energy at later expansion stages. Once the collective energy is estimated, the thermal energy, which characterizes the random component of the excitation energy, can be simply estimated by Eti, --Eg -E, on -E;"t(T = 0, p). (8) Here, E~, the total transverse energy of the system, consists of the transverse kinetic energy and 3 of the potential energy. Figure 4 shows, respectively, the deformation energy (top panel), the transverse thermal energy (center), and the collective energy (bottom) as a function of time for residues with local density p & 0.1po. Since the residue mass decreases continuously by emitting nucleons, the The potential energy density v(r) includes both nuclear and Coulomb interactions. From the above equations, it is clear that the deformation energy, E&,&, represents not only the energy changes due to shape transitions considered previously in liquid-drop models [24, 25] , but also those due to the density changes observed in our BUU calculations.
The remaining excitation energies, in the form of kinetic energies, can be decomposed approximately into the collective excitation energy and thermal excitation energy. (For comparison, in transition-state models [18, 19] , all remaining excitation energy above the barrier is considered as thermal. ) To minimize the contributions from the remainders of the relative kinetic energy due to the initial motion between the projectile and target, we consider here only the tranaverse components.
Thus, following Ref. [30] , the collective energy can be estimated and 2). At these times, the average densities of these exotic shapes are near their minimum values (see Fig. 3 ).
Thus, because of the formation of these exotic shapes at very low densities, the barrier heights for &agmentation are significantly high: two to three times higher than those estixnated from liquid-drop models [24, 25] . On the other hand, since the barrier height depends on the density compression and expansion, which, in turn, depends on the incident energy, they are always exceeded for a FIG. 5 . Same as Fig. 4 , but in terms of excitation energy per residue nucleon.
given energy. Lowering the incident energy would always reduce the barrier height, until very low energies for which the efFects of compression and expansion become negligible. For these low energy cases, the barrier heights are dominated by efFects of nuclear shapes or temperatures as estimated from liquid-drop models [24, 25] .
Thus at low incident energies, there is an absolute barrier height to overcome which depends on the shape and the temperature. As the incident energy increases, the temperature increases which tends to reduce the barrier height. On the other hand, when the compression and expansion set in, the barrier height increases substantially due to the increase of the compression and expansion. The fact that these barrier heights are reached at times comparable to the times for which the toroidal or bubble nuclei are well-developed indicates that the decay of such exotic shapes could readily be studied within the transition-state models [18, 19] , provided the fragmentation barrier heights are properly modified to include the eKects of expansion. Since the toroidal and bubble nuclei are formed at very low densities, their decay can also be easily incorporated in the multiparticle phase space models [21 -23] which assume very low densities. In fact, at the times when these exotic shapes are formed (t 100 fm/c), most of the remaining excitation energies are in the form of thermal energies (central panels, Figs. 4, 5) with negligible energies in the form of collective excitations (bottom panels), which are neglected in the statis-tical models. The gradual increase in the thermal excitation energy at later times reBects the breakup and condensation into individual clusters seen in Figs. 1 and 2. Although the exotic nuclei are formed only at high energies, the thermal excitation energies at the barriers are very low; e. g. , for stiff EOS, (Eth, /A", )& 1 MeV for these incident energies, because (1) significant amounts of mass and energy are taken away by the emission of particles before the system reaches the barriers; and (2) significant amounts of energy are stored in the form of potential energy E& &, which raises the barrier heights significantly. These low thermal excitations explain why the final clusters are nearly equal as observed in our BUU model ( see Figs. 1 and 2 ).
In summary, with an improved BUU model which accurately conserves energy, we have followed the reaction dynamics and estimated the fragmentation barriers for the formation of toroidal and bubble nuclei. We find that these exotic shapes are formed at low densities because of the effects of large amplitude compression and expansion. As a result of this compression and expansion, the barrier heights for these exotic nuclei are significantly higher than those estimated &om liquid-drop models. Our results demonstrate that the decay of these exotic shapes can be readily incorporated in the standard statistical models such as the transition-state models [18, 19] or the multiparticle phase-space models [21 -23] .
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